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ABSTRACT: The spectral distribution of light scattered from monodisperse, infinitely dilute solutions of optically 
isotropic, once-broken rods is calculated, It is assumed that the break occurs in the middle of the rod and that it 
acts as a universal joint about which the two segments independently undergo rotational diffusion with identical 
rotational diffusion coefficients. The integrated scattered intensity is calculated as well as the contributions to 
this intensity of the pure translational diffusion term and the first few terms whose spectral distribution depends 
on both the rotational and translational diffusion coefficients. The results are compared to those previously ob- 
tained for the rigid rod. 

I. Introduction 

The spectra of light scattered from optically isotropic 
rigid-rod a and Gaussian-coil macromolecules have 
been studied in a previously published series of articles. 
It was shown in these articles that “intramolecular” 
motions contribute significantly to the scattered spectra 
when the molecules are large. Thus for rigid rods of 
the proper size, experimental study of the light-scatter- 
ing spectrum wcluld yield the rotational diffusion coef- 
ficient of the rod in addition to its translational diffu- 
sion coefficient. For the Gaussian coil, it was shown 
that the largest intramolecular relaxation times might 
be obtained from such experiments when the root-mean- 
square end-to-end distance of the coil is large. Experi- 
mental confirmai.ion of these results has been obtained 
only for the rigial-rod case.5 As yet no light-scattering 
experiments designed to observe the intramolecular 
motions in large flexible-coil macromolecules have been 
undertaken. 

It is well known, however, that the rigid-rod and 
Gaussian coil models are limiting cases and that macro- 
molecules in solution usually have more complex con- 
formations and dynamics. Furthermore, many macro- 
molecules undergo shape transitions from rodlike to 
flexible coil conformations when temperature or solu- 
tion pH is varied. In fact theories of helix-coil transi- 
tions in polypeptide solutions contend that intermediate 
conformations containing helical rodlike regions alter- 
nating with flexible coil regions exist.6 

In order to obrain a qualitative understanding of the 
light-scattering spectrum of this “intermediate” case, 
and to investigate the applicability of the light-scattering 
method to the study of such conformational transitions, 
we present here a calculation of the spectrum of the 
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once-broken rod model recently considered by Y u7and 
Stockmayer? In fact, once-broken rod macromole- 
cules have been synthesized, and their hydrodynamic 
properties studied, * 
11. General Expressions 

Consider a rod of total length L, broken in the middle. 
The break is considered to be a universal joint about 
which each portion of the rod is assumed to undergo 
rotational diffusion with identical rotational diffusion 
coefficients. In addition, it is assumed that the rota- 
tional motion of each portion of the rod is indepen- 
dent of the translational diffusion of the molecular 
center of mass. The rod is divided into 2n + 1 
optically isotropic segments. In a coordinate system 
with origin at the joint, the spherical polar coordinates 
of segment i on one side of the joint are :i b,8, p; those 
of segment j on the other side of the joint are ljlb, 
e’, p‘, where b = L/2n. It is easy to show that the 
center of mass (cm) of the broken rod in this coordinate 
system is 

rOm = (nb/4){?(sin 8 cos p + sin 8’ cos p’) + 
;(sin 8 sin p + sin 8’ sin 9’) + ,&(cos 8 + cos 8 ’ )  (1) 

Let R,, be the position of the center of mass of the 
broken rod in a laboratory coordinate system. Then 
the position of segment i in the laboratory system is 

Rr = R c m  + (rr - rem) (2) 

The relative scattered light spectral density for this 
where ri = (Iil b, 8, p). 

system is 

S(K, o) = - exp(-iiWt)P(K, t )  dt (3) 2n ‘S  
where 

1 
P(K,  t) = -2 <E exp { i ~  M O )  - RAt)l] } (4) 
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The length of K depends on the scattering angle 8, and 
light wavelength in the medium h 

4n . e, 
K = - sin - 

A 2  

and w is the frequency displacement of the scattered 
light frequency from that of the incident frequency. 

Substituting eq 2 into eq 4, and assuming that trans- 
lation of the molecular center of mass is independent of 
segmental rotation, we obtain 

P(K, r )  = P I ( K ,  I)PD(K, t )  ( 5 )  

where the first factor, the “intramolecular” factor, is 
given by 

and the second factor, the “translational diffusive” fac- 
tor, is 

PD(K, 0 = (exp { i~ [R,,(O) - Rom(t)l} ) (7) 
PD(K, I )  has been discussed in previous articles.3*4 It 
depends upon the translational diffusion coefficient. D 
and is given by 

(8) PD(K, t )  = exp(-K’D/ t i )  

111. Calculation of the Integrated Relative Intensity 

The integrated (over frequency) relative intensity is 
given by 

P(KL) 5 b(ti, w )  dw = P(K, 0) = 

The sum in eq 9 may be split into two sums-one over 
segments on the same side of the joint, and the other 
over segments on different sides of the joint 

(10) 

The first sum on the right-hand side of eq 10 is just one- 
half the standard relative intensity function, P,,, for a 
rigid rod (rr) evaluated at K L / 2  

where 

The second sum on the right-hand side of eq 10 is also 
easy to evaluate since the orientations of the position 
vectors of segments on different sides of the rod are 
statistically uncorrelated. We find 

01 - i 

Figure 1. Plot of the integrated relative intensity functions 
of the once-broken rod, P, Pj0,O 1 ,  P{ l > l } ,  and P( z,z} us. the 
scattering parameter KL = 4n(L/X) sin ( 0 4 2 ) .  For reference, 
the total integrated relative intensity function for a rigid rod 
P,, (dashed curve) is also shown. 

From eq 10-13, the total integrated intensity is 

P(tiL) = ‘/z [ P,, ( K i )  - + ( - 2 J K L 1 2  ~ sin z dz)2] 

K L  0 2 

P ( K L ~  is plotted in Figure 1 as well as P&L). It is seen 
that P ( L )  does not decrease as rapidly with increasing 
KL as Prr (~L) .  This is a result to be expected since the 
broken rod is more bunched up in solution and would 
therefore not give as much destructive intramolecular 
interference in light scattering. We also note that 
P(0) = 1 as it must. 

IV. Calculation of P(K, t )  

P,(K, t )  may be evaluated by a method analogous to 
that used for rigid rods.’ We break the sum in eq 6 for 

t )  into two sums-one in which the summation 
includes only segments on the same side of the joint 
P I s ,  and one in which summation includes only seg- 
ments on different sides of the joint, PrD. Then 

(exp { - i~*[e;’(t) - >’(O) a ’ , q *  (15) 
4 ID 

and 
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where ? signifieis a unit vector in the direction of r and 
{ signifies an  average over 8, p. The averages 
are easily evaluated using the spherical harmonic ex- 
pansion 

exp (iK.r) = 4 ~ C C i ' Y r l m * ( n ~ ) Y ~ ~ ( n ~ ) j ~ ( ~ ~ )  (17)  

where 0, and ilk are the spherical polar coordinates of r 
and K in some hboratory coordinate system and j ,  is a 
spherical Bessel function of order I .  Each segment of 
the rod has been assumed to obey the rotational diffu- 
sion equation 

1 m  

where J ( n  - fill, t )  is the probability that a segment is 
oriented in a direction between Q and Q + dn at time t 
if it is oriented between no and 00 + dQo a t  time zero, 
and 0 is the rotational diffusion coefficient. The solu- 
tion of eq 18 is 

J(a2 -- a o ,  t )  = CCYl"(nr,)Y,"*(Rr,) x 
1 ni 

exp(-e(/)(l+ l > l t l }  (19) 

From eq 15-19 and the orthonormality property of the 
spherical harmonics we obtain 

and 

where: 

(22)  
nb 

= b l i /  - ~ 

4 

Then, from eq 5, 8, 20 and 21 

P(K, t )  == exp[-KzD( ~ ~ ] ~ P I ~ ' ~ ~ ' ~ ( K ,  r )  (23) 
l1,1l 

where 

and 

The double sumrnations in eq 25 may be replaced by the 
squares of single summations, e.g. 

The single summations may, in the limit of a continuous, 
distribution of segments, be replaced by integrations 
e .g .  

From eq 26 and 27, we find for the first few terms in the 
summation on the right-hand side of eq 23 

5  PI'^^^) ( K ,  t )  = - exp[-6@ f l ]  x 
2 

{ j ,  (a) KL ? s j ~ ( Z )  d Z  + j~ (1") $ s j @ )  dZ}'(31) 

15 
 PI(^") ( K ,  t )  = - exp[-8881 t i ]  x 

2 

(32)  

PI(2s21 ( K ,  t )  = 25 exp[--1281 t /  J x 

{ j ,  ($) $sj2(Z)  dZ}' (33)  

All integrals in eq 28-33 have lower integration limit 
- ( K L / ~ )  and upper limit 3 ~ L / 8 .  It is a simple matter 
to find higher {l ,  I') terms from eq 25. 

We note that the spectrum of the PI term will not 
depend on the segment rotational diffusion coefficient. 
This term will, when multiplied by PD(K, t ) ,  contribute a 
Lorentzian line with half-width 

K ~ D  AvI/, = - 
37 

(34) 

and integrated intensity PI (o,ol to the scattered spec- 
trum. We note that 

lim P ' " ' ' ) ( ~ L )  = o (35)  
KL -+ 0 

for { I ,  1'1 # { 0, 0) where we have dropped the I sub- 
script and use the convention that when tis not explicitly 
indicated it is equal to zero. This result is in accord 
with the rigid rod results and physical intuition.2 In 
the limit of small rods and/or low K rotations and intra- 
molecular conformational changes will not contribute 
to the spectral width of the scattering from optically 
isotropic molecules. In this limit the spectrum consists 
of a single Lorentzian with half-width given by eq 34. 
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V. Numerical Results and Discussion 
Calculations of P(KL) (eq 14) and P['"'~(KL) for (1, 

I') from ( 0 ,  0} to { 2 , 2 )  (eq 28-33) have been carried 
out for values of KL between zero and ten. The 
difference 

is the per cent of the scattered intensity whose spectral 
width depends on the segmental rotational diffusion 
coefficient. The terms P(tiL) and P i o S o 1 ( ~ L )  are plotted 
in the graph. It may be seen from the graph that A is 
probably negligible for KL < 4 (<2%). In this region 
measurement of the scattering spectrum would yield 
only the macromolecular translational diffusion coeffi- 
cient. 13%; it rises to 40% at KL = 
10. Thus, in this region, the intramolecular effects are 
appreciable and should be detectable using standard 
laser techniques.6 

Numerical calculation shows that Pll*Oi (KL),  P12*11 (KL) 
and P1'sZ1(~L) are small compared to P('")(KL) and 
P ( 2 3 0 1 ( ~ L )  over the range considered. Both P(l9'1(KL) 
and P i Z v o 1 ( ~ L )  are plotted in the graph. The P( ls l l -  
(KL) term contributes a Lorentzian with half-width 

At KL = 7, A 

to the scattered spectrum. Its total intensity ranges 
f r o m 3 % o f P ( ~ L )  at K L  = 6 to 11% at KL = 10. The 
P'* ,O~(KL)  term contributes 4% at K L  = 6 and 18.6x at 
KL = 10. Its spectral half-width is 

The sum of the integrated intensities of all terms other 
than (0, O } ,  (1, I }  and (2, 0 )  may be determined by 
subtraction. 

P,(tiL) = P(tiL) - [P(O'OI(KL) + 
P('")(tiL) + P'2'o'(KL)] (38) 

P. is IZ of P at K L  = 6 and 9.4Z of P at K L  = 10. 

We have calculated the { 1 , O )  ,{2, I ) ,  and (2 ,2}  con- 
tributions to P,. They are, however, each of the same 
order of magnitude and, as noted above, small compared 
to the ( 1,1]  and { 2,0] terms. At KL = 8, P, is o d y  2% 
of P. We conclude that in the KL range from 7 to 8 at 
least 98% of the scattered intensity is given by the three 
Lorentzians with total intensities P [ o s o l ( ~ L ) ,  P ( l t ' l ( ~ L )  
and P ( 2 7 0 ) ( ~ L )  and widths given by eq 34, 36 and 37, 
respectively. The { 1, 1 ) and {2, 01 terms are together 
about 18% of P at KL = 8. For KL > 8, the P,(KL) 
terms should probably be considered in any experimen- 
tal analysis. 

decreases more slowly with increasing KL than that for 
the rigid rod since the broken rod is, on the average, 
more compact in solution. Furthermore, the relative 
contributions of terms containing rotational diffusion 
coefficients to the total integrated intensity are less than 
those for the corresponding rigid rod at the same value 
of KL. On the other hand, over the KL range from 6 to 
8, the broken rod spectrum will consist of a weighted 
sum of three Lorentzians while that for the rigid rod 
consists essentially of two Lorentzians.3 If we fur- 
ther pursue the Yu-Stockmayer model, we note that 0 
for the once-broken rod segment is twice that for the 
corresponding rigid rod. Thus the rotational diffusion 
coefficient contribution to the spectral widths, eq 36 and 
37, will be larger than those for the rigid rod.3 

If more breaks are made in the rod, we expect the in- 
tensities of the rotational terms to become smaller and 
smaller. In fact, a calculation of the scattered spec- 
trum using the Rouse-Zimm Gaussian coil model shows 
that for "intramolecular" relaxation effects to be seen, 
the root-mean end-to-end distance, R,  of the chain 
must be very large ( K R  > 4). Since the coil is very com- 
pact in solution, the length along the chain (corre- 
sponding to our L) would be much larger than theroot- 
mean-square end-to-end distance. Thus if a rigid rod 
with KL in the appropriate region undergoes a transition 
to a coil passing through a conformation resembling a 
once-broken rod, we expect the spectrum to change 
from the two-Lorentzian rod spectrum to the three- 
Lorentzian once-broken rod spectrum and then to the 
single Lorentzian translational diffusion spectrum pre- 
dicted for rods with many breaks (or a Gaussian coi1 
with KR > 4). Of course if the spectrum were observed 
at low KL, it would initially be a single Lorentzian and 
remain so throughout the transition; however, its half- 
width would change due to variations of the transla- 
tional diffusion coefficient with molecular shape.9 

The mathematical techniques and methods of calcu- 
lation presented here may be easily extended to the cases 
of rods with the break at points other than the center 
and, of course, to rods with many breaks as well as to 
systems in which the dynamics is more complex than 
simple rotational diffusion. 

In addition these same techniques may be used to 
compute the depolarized spectrum for molecules corn- 
posed of optically anisotropic segments.IO In view of 
the limitation of the light-scattering method described 
above to very large molecules, we expect studies of the 
depolarized spectrum to be more useful than studies of 
the polarized spectrum. Calculations are now in prog- 
ress on the depolarized spectrum of rigid and broken 
rods of arbitrary size. 

These results should be compared with those ob- 
tained fQr the rigid was noted in section 111, 
the integrated relative intensity for the once-broken rod 
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